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II. PRELIMINARIES

. on
Let R be the real line, and let B be the usual Borel o-ficld on R. Let R be the two-sided
o sequence space, and et B” be the Borel o-ficld on R that is generated by the product topology
‘:_ on R™. We consider a real-valued discrete-time process, {X , co<n<eo}, whosc measure p_ is
30
) known and is dcfined on B . We name {xn, —ca<n<ee] the pominal process , and we denote by
-1
3 {x, —ee<n<eo} data realizations generated by it. Let R = in(x]“ ) denote the optimal one-step
b )
' @ mean-squared prediction operation, given the sequence realization x;'_ {x,, 1<I<n-1}, when
N =
. . -1
X {xn, —oo<N<eo} is gencrated by the nominal process. Then, if g, = gn(x;' ) denotes some scalar
[
K rcal-valued function on the scquence x;‘ , we have:
'.
e
¢ (u,R)=infc (1,8 ) a
& &,
) . N n-1
. R (x )"Epolxn‘xl ] )
¥ ;  where Eu {] dcnotes expectation with respect to the mcasure H, where
4 b}
' A
o X;= (X, 1</<n),and where,
o -
' a n-1_2
" C,(ky 8 _ B, (X, —,X; ') 3)
[}
(¢
. The expression in (3) is called the one-step prediction crror induced by g atp,. LetL
)
\ denote the class of all the scalar real-valued lincar functions defined on R". Let then
)
» Lo L et
TR XK =R (x; )be such that:
Ll . L,
) e (. R )= inf ¢ (i, g’ @)
: g|'l|.':Lyrl
G
.\;
)
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L
Then, X is called the optimal lincar one-siep mean squared predictor at ., given the

L n-

Lo i
scquence realization x, , and generally,

»- 1
)
<ny 1.
Co(ky R S0 R (5)
"t
v L
. . . ., n-l L n-1 . . .
e, If the measure s Gaussian, then x"(x‘ ) in (xl ), ¥n, and (5) is then satisfied with
.*: =
-(: cquality for all n. Ifp is non Gaussian, then (5) is generally a strict incquality.
e o - -
The above summary corresponds (o parametric onc-step prediction; that is, it corresponds 1o
o the case where the measure p that generates the data sequences is known. In this paper, we arc
S
',:a concemed with the outlier model. Then, the observation process { Y, —e<n<e} is gencrated by
B )
¢
T three mutually independent processces; the nominal process {X,, —eo<n<eo} and two iid.
La
4
T processes {V , —ee<n<ee} and {Z _, —eo<n<eo}, as follows:
v
¢ Y =(1-V)X +VZ, n= 0
k) =U-VOX +V Z, n=.~10,1,. (6)
4
»
. ; where the common distribution of the variables Z_is unknown, and where [V, —eo<n<eo}
)
~)
T is a binary process. In particular, for some given € @ 0<e<1, the latter process is such that;
l"
)
"
N PV, =0)=1-¢
)
N
¢ P(V. =1=¢ 7
. ‘ )
N
1)
4 In the outlicr modcel in (6), {Zn, —oo<nI<eo} is called the contaminating process , and
L}
(]
L
¢ . . . .
- C {Vn, —inf<n<eo} determines the contamination law. In the presence of the latter model, the
P - . . , -1
K objective is prediction of the nominal datum x . given the obscrvation sequence yln , for all n,
and the problem formalization is then clearly nonparametric. Let g denote the measure of the
D)
¥
X . .
C observation process, and let {g ), . denote a scquence of one-step predictors, where
;’ n-1 .
. g, =y, ). Letusthen deline,
!
b
3
G
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A n-1_2
e g E (X -z} ) (8)

In (8), cn(u. gn) is the mcan-squarcd error induced by the predictor g,» when the measure of the
obscrvation process (Y , —eo<n<eo} is p, and where X is generated by the nominal process
whose measure is p . Clearly, ¢ (1, g)) is then as in (3), and it represents the mean-squared

performance of the predictor g at the nominal measure jt, ( that is, when outlicrs arc absent).

Our objective is to design a sequence {gu}2 of predictors whose mean-squarcd

Sn<oo

performance is stable in the presence of variations in the mcasure [ of the obscrvation process

{Y,. —eo<n<ee]. This stability corresponds to qualitative robustness, and is defined as follows:

Given >0, there exists 8>0, such that:

ﬂp(uo, p)<d implics le (1, g)—¢ (1, g )i<n; ¥h

In the above dcfimtion, 1'1p denotcs Prohorov distance with an appropriate distortion

measure p on data scquences, and sequences {g } of operations that satisfy this stability arc

called gqualitatively robust at the measure B, As found first in [13], and laterin [1],[14], and [16],
for the sequence {g } to be qualitatively robust, pointwisc continuity and asymptotic continuity
in conjunction with boundness, arc sufficicnt. In particular, it is sufficient that: g, is bounded for

all n, and:

(A) Given finitc n, given n>0, given X"

y» there  exists 6>0, such that,

-

n n ond 4 " . . n n
RN ACTIR'MY n Y Ix-y I<8implies lg (x)-g  (y)l<n.

i=1
(B) Given p stationary, given {>0, >0, there cxist integers n, m, some 8>0, and for cach
no..n . n n n n
n>n  some A €R with uo(A )>1-7, such that for caich x €A and y such that

itm-1

i+m-1 P .
infloc: #li:y (x .yl’ )>a) € na < §itis implied that Ig“H(x:)—g“H(y:)l <.

0
AR
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Given a scquence (g} of predictors which is qualitatively robust at the nominal measure
M, its imporant quantitative performance critcria arc: (1) Its asymptotic mean-squarcd

performance at the nominal measure, Iimsupcn(uo. gn). (2) Its breakdown point. (3) Its influcnce

n—so0

function. The breakdown point and the influence function represent measures of resistance to
outlicrs, and their definitions are given below.

Consider the model in (6), and Ict then {Z"} be a deterministic process with amplitude w;
that is, P(Z_=w)=1. Let then Mo w be the measure of the obscrvation process {Y }. Given a

scquence {g_} of predictors, we then define:

Influence Function  of the sequence {g }:

(i, .+ 8) — e, g)

Ig(w) lim %)
= e—0 A
; where,
A -
c(u,g) limsupe, (1, g.) (10)
T noee

provided the limit in (9) exists.

Breakdown Point  of the sequence {gn}:

) 2
€ * suple:sup e, 8) S Iims\'upF.}1 (X, 1 (11)

- 8

1-—poo
; where e(it, @) is defined as in (10).

We note that the breakdown point is the maximum ficquency of independent outliers that
the prediction scquence can tolerate asymptotically, without beconung useless, (that is, before the

obscrvation scqucnces provide no information about the next process datum), where the
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amplitude of the oudlicrs is arbitrary. Altemnatively, we can define the breakdown point as

- A
eg* sup{€: limsup c(uc'w. g) < limsup Ep [X:}) (12)

W o0 n-—soo

355 SR Y 7 X ARV IS
® a

¢ If e, . g) is symmectric in w about zcro and is monotonically increasing in iwl, then
N - ' _
r-ﬁ Eg* = eb*. In gencral, sg* is defined in terms of a stronger condition than Eg* and hence
P 4
o
o
of
PO
o er<e, (13)
. : A
e The influcnce function represents the stope of the function e, £) —c(l .8) th(w). at the

e=() point. Ft'g(w) corresponds to the asymptotic mean-squared crror increase induced by the
prediction sequence {gn}. when from absence of outlicrs the environment shifls 1o e-frequency
and w-amplitude ouilier occurrence.

The outler model in (6) can be generalized 10 1.1.d. sequences oi m-size blocks of outlicrs, as

follows:

km

km km
Y&_])nﬂ,‘ = (]—vk)x(k-—])mﬂ + ka(k—l)mH . k= ..."1,0,1,... (14)

km

; where the sequence {Vk} is as in (7), and where the vector random variables {Z(k—l)m+1}

are i.i.d. with unknown distribution. Lct He wm denote the measure of the observation process
“ [Yn}. when the model in (14) is present, and when P(Zn =w) = 1. Then, given a sequence [gn] of
pr«idictors, and defining e(p,g) as in (10), the breakdown point, E;_m. and the influence function,
lg'mfw). that correspond to the outlicr model in (14) arc defined as follows:

L

A . 2
€m sup{e : sup c(up_w‘m. <l \msupEP"[Xn H (15)

gm

w n-—yoo

6

4
]
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c(ut‘,w,m' g) - C(}lo. g)
I (w) lim (16)

gm
T g0 €

*

provided the limit in (16) cxists. We also define Egm by replacing supremum over w with /im

sup as in the casc of (12).

III. OUTLIER RESISTANT PREDICTION OPERATIONS

We consider a stationary, zcro mean, rcal-valued process { X, —ee<n<ee}, with measure .,

2 2 . . . .
and Ep. {X, ) =0 <eo. Wc also consider the outlicr modecl in (14) for thc obscrvation process

(Y . —eo<n<eo}. We concentratc on the design of qualitatively robust and outlier resistant
sequences {g } ol one-step predictors for the process {X , —ee<n<ee}. Our mcthodology involves
two steps: (1) A saddle-point game formalization and solution for the predictors g @ 2<nsm+1.

(2) A qualitatively robust gencralization of the solutions in Step 1; for the predictors g @ n>m+1.

In the sequel, we will assume that both the nominal and the conlaminating processes arc
absolutely continous. We will then denote by fo(x:) the density function induced by the nominal
process at the vector point xln; we will denote by f(yln) the density function induced by the
obscrvation process at the vector point yln. We note that then, for n: 2<nsm-+1, the class £, of

density functions induced by the model in (14) is as follows:

F o= {00y, )-(1-ef () )20: ¥y R, [ fyr )y, =1) -

R

- Construction of Prediction Operations - Step 1

Let us consider the model in (14) and one-step prediction based on observation sequences

¥, »withn:2<n<m+1. Given such an n, we consider the following saddle point game, where

Fn is as in (17);

Find a pair, (f *, gn*). of an obscrvation density function and an onc-step predictor, such

-

- A Y g ~ o ” - - \
e B T A R AT T St

e Cat mh St Bt A 8 A% B Al Aia San 83 dis Als das 41 Al Al A ab S i a4k sk ond .ol =gl el agb cal dadl ok el aak aaih dad tal BelBel Al it dek ui |
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that f *eF , and:

VfeF e (f.gMsc(frgsc(f*g)ive, (18)

In (I8), the errors cn(f. g) are as in (8), where the mcasure, g, has been substituted by the

corresponding density function, f .

Consider a pair, (f',g ) ol an obscrvation density and a prediction operation, such that:

f’, gn’) : cn(f'. g)= supinfe (f. g) 19)
[eF g
From the results in [15) we then conclude that if the operation g"’ = gn'(y;‘_l) is pointwisc
continuous and bounded, then (f 7, gn’) = ([*, gn*). and the pair is a unique solution of the game in
(18). We now present a theorem whose proof is in the Appendix.
Theorem | Let the nominal process be zero mean Gaussian. Lct mo(y:'-l) = Br;r_ly]n~l denole
n-1

the optimal at the Gaussian process onc-step predictor, when the obscrvation sequence is Y,

Let n: 2<n<m+1. Then, the pair (f”, gn’) in (19) is as follows:
,, 01 n-1 . n-1_ -1
g 'y, )=m(y, )min(L,A_,Im(y )l ) (20)

£ =-of (v ymax(LA_ tm (y7 D) @

s where A is unique, and such that:

n—-1 -
[ £y, oy, =1

nl

R

Since the operation in (20) is pointwise continuous and bounded, (f ', ¢ Y= (f*, ¢ *). and
e £, £,

the pair is a unicuc solution of the game in (18).

-y e w e TR W R RS E T T
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When the nominal process is non Gaussian, the operation g ” in (19) is gencrally not

O,

pointwisc continuous; thus, there is no guarantee then that it will satis{y the game in (I8), and it is
generally qualitatively nonrobust. However, drawing from lincar prediction in the abscnce of
outliers, we will adopt the operations in Theorem 1, for non Gaussian nominal proceses as well.
Specifically:

Let the nominal process be zero mean stationary. Let mo(y;"l)z Br"r_lyr—l denote the

optimal at the nominal process lincar onc-step predictor when the obscrvation scquence is
_vln_l. Let f(; denote density of the Gaussian process whose power spectral density is the
same as that of the nominal process, and whose mcean is zero. Then, in the presence of

the model in (14), and for n:2<n<m+1, we adopt the following onc step prediction

opcration:

-1 -1 -1 -1
gn*(y;‘ )=m°(y]" )-mm(l,kn_llmo(y; 1)

J fG(yln_l)-max(l, K“__ll Imo(yln_l) )= (1_5)_'

n1

R

(23)

We note that for =0, the value of A__, is infinity and the opcration g * becomes identical o
the optimal of the nominal lincar onc-stcp predictor. As € increascs, A, decreases

monotonically, becoming zcro at e=1.

Construction of Prediction Operations - Step 2

) In this part, we are concemed with the construction of qualitatively robust prediction
operations, for large dimensionalitics of obscrvation sequences. We point out that the operations
in (23) arc qualitatively robust for finitc such dimensionalitics only. Indeed, they satisly
condition (A) in scction II and arc bounded, but they do not satisfy condition (B). At the same
time, the outlier model in (12) doces not allow for the formalization of a saddle point gamc for

arbitrary data dimensionalitics, even when the nominal process is Gaussian. We will thus adopt

P L (A R LG



an ad hoc approach.

(

n) .. . .
Let (a7}, denote wne one-step prediction cocfficients of the nominal process, when n
1] 1<)<n

.. n . . .
obscrvation data are available. That is, if m (y,) denotes the optimal at the nominal lincar one-

. . . n
step predictor when the obscrvation sequence is y, , then:

n
n (n)
my) =LAy, (24)
j=!

.

Let g be as in (23). Then, we proposc the following sequences, {Gl.n*} and {GZ,n*} of

onc-step predictors:

Scequence {G, *)

I

n-1 *m_ n-l -1
Gl_n*(yl‘ )=G,:(y: )=gn*(y;‘.) ; for 2<n<m+1

&« }' '. j_l

* n-1 _ *m, n-1 _ " (n-1) Bjﬂ()’,) - 2:1-”()'1 s 0)

Gy I=6,&, )=X x4 "
=1 a ’
. j . -1
" (n-1) gm+l(yj“"- 3) - gm+l(yj_m+)v 0
R , forn>m+1 25)
j .
Jj=m+l1 am

I+k
where (y, ™, 0) denotes the sequence {y, ¥, , ¥ 40 01

Scquence [G. *)

=T

n- . -1 d -1
G, (y, l)=G:':(y|r )=g"(y]n ), for 2<nsm+1

<n

10
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k . k-1
N - om  nel 1O (n-1) gnwll“(Q'yl 'Q') - gmﬂ(‘—,'yl '(—))
0 G2n(yl )=GZn(yl )= Z u.k ) (m)
. o m
k=1 Yemt-1.0)
'\\: n-1
L [—J-1 ] . k . k-1
o m Wirlm a-1) L1 Vi1 D = Bt Viginyerr O
" + ¥ ) a - - , forn>m+1 (26)
! =0 k=iinp Aty
\
{ J where,
A n-1
ti,n) m+n-1-{""}m (27.3)
= m

[().0,0,...(),yl.yz.....yj,().()....()l 1<j<i(0,n)

] m-t((,n) (On)-g
Oy 0= | (27.b)
[0.00...0.0,0....0.00....0] j=0
N
m
and
[yl,ym,....yj.().()..,..Ol I <j<l+m-1
vho o @70
Y, = .C
! [0,0.,....0,0,0,...,0] j<l
_—w——'{n

If the denominator of {-} of any term of (25) or if the denominator of [+] of any term of (26) is

zero, then that term is not included in the sum.

We obscrve that the sequences {G) [} of (25) and (G, |} of (20) degenerate to the sequence
of the optimal at the nominal lincar predictors,when in toe modcl in (14), €=0, (design in the
abscnce of outliers ). In addition, using a similar proof as in [18], we can casily show that the

scquences {Gl n} and {Gz "} arc qualitatively robust, (satisfying condition (B) in Section I1), if:
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k

)
sup ¥ 1a, | =c* <eo (28)

k.
=1

The sequences {G:n] and (G, } arc identical for m=1. For m>1, these sequences differ:
For n > m+1, the predictor G, is defined in terms of the overlapping sliding blocks of length m
obscrvations, while the predictor G, is defined in terms of disjoint blocks of length m

obscrvations.

Asvymptotic Performance at the Nominal Process

In this part, we focus on the asymptotic mean squarcd crror induced by the sequences
{G, .} and {G, ]} at thc nominal process p . We will lirst assumc that M, is a zcro-mcan,

. . *m
stationary Gaussian process and evaluate e(u , G, ) where

c(pL, Gi‘m) =c(p, G.'*) =limsup c, (1, Gi._:'), i=1.2

n—oo

(29)

Then, for a general class of stationary processes, we will obtain an upper bound of (29), which

will be tight for small €.

Fix any mz1. Given the infinite past, let the nominal, lincar, optimal onc-step predictor be:

-1
-1
m*y_J= X dy, (30)
eSS
If u is also Guaussian, then (30) represents the nominal optimal one-step predictor, given the

infinite past. Detine:

m A& . d m-1
Pulty | Bgluy 1= ) 0)] (30
m A . k . k-1
Anlty | _ Bl Q=g ,[(u, -, 0), 1<ksm (32)
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where g is given by (20), u;" = (u, uy...u, )R and (u, 0) is given by (27.0).

Then, given the infinite past, the designed robust predictors in (25) and (26) respectively

-1 d
! i . i-1

*m, -1 -1 .
Gl (y-oo) = Gl*(y—m) = z (m) [gm+l[yi—m+l] - gmﬂ[(yi—nwl' 0)”
a

1= %y

-1 (.

! i
= E .pm[yi—nwl] (33)
a(m)

iz S,

* ..] E ] _1
G, (y_)=G,(y_)=

1o G im+k—1 . im+k-2
= Z Z (m) {gmH[(yim vm_gm+'|[(yim » D1}
= k=l I )
-1 d.
3 " Timekel (i+1)m-1
=X ZT T nidVim (34)
i=o0 k=1 k

where ak(m) arc given as in (25), (26) and (ylj, Q) is defined by (27.¢).

Lct K, be the process induced by K, and p_ (3). Then, K is a zcro-mean stationary

process. Let {Rp (0} . be the autocorrelations associated with the process W - That is,

) R, (=) = EIp, (X, DXL )]s —oocijcos (35)

Also let,

Rxpm(i) = E[XOIPm(XiI—mH)]' is-1 (36)

13




1
Similarly, we define,
o
R 0 ZE x(iol)m-l . x(m)m—l 1<k,/<m 3
" qmuu—o - Iqm_k( im )qm,l( mn o —°°<i.j<°'° ( 7)
K ST i<-1
{ ) o e (i+1)m-1 1
. R‘qm‘k(l) - E[qum,k(xim )lv lskSm (38)
K
i We will express c(t o Gi r“) in (29), in tcrms of the quantitics in (35)-(38). These quantities
o arc non-trivial to obtain, since the mappings P, and q_ arc nonlincar. We will determine these
[}
quantitics assuming that yt_is Gaussian.
, Assumc that gt is a Gaussian source. Let,
O
) i T, i
9 Z;=m X ) =B X
m
ey a™yx
® =2 1 i-m+t (39
2 -1
;
) m-1
H _ (m)
2= Z 3 X (40)
o =1
Then, (Z, .} and {Z, } arc zero-mean stationary, Gaussian processes. Let {R,(} and (R, ()} be
the autocorrelations associated with these processes respectively, and let {p ()}, {(Py,()} be the
P .
. associated corrclation coefficients, Then,
- . . A . . . .
' R, (G-D= E[ZUZU] _ P (-DR,,(0) —oo<j, j<oo 41
c =
. - A — A . - .« .
R,,(j~1) _ sz,.z:,j] _ P,,(-DR,,(0) —oo<],j<o0 (42)
¢ Let,
14
¢
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o
. A - |
R,(-D= E[ZUZZJ] i 9120")\/R11(0)Rzz(0)' —oo<j,j<oo (43a)
® =
. . A . - T~ e o -« o
R, (-)=E(Z,Z, ) : P2, G1) VR, OR,(0),  —eeci j<oo (43b)
2 2
® Also,letR_(0)=0 =E[X, ] and
) A o
R,(D=EIXZ ] _p,0) VR (0), =12 i1 (43c)
o
Deling:
k
=va™x <k<m, i<
PY Wii=Z a4 Xpar Osksm, is-1 (44)
=]
Then, W, . =0, and for cach k21, {W, .} is a zcro-mean, stationary Gaussian process. Let,
® N k! =0,1,..m
Rwu(l“l) - E[wk,i\vl‘j]' i‘j<°° (45)
and lct,
[ J
R (-
w07
if cxists
. 12
R, k(())Rw”(o» (46)
k K
® p, G-i)=
Vit 0, otherwise
Let
g R () =E[X\W, ] 0<k<m; i<-1
xw, - Tk SK=m, 15— (47)
o
15
o
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=]

4

¥,

4

: o o

) @ , if exists

2 2

: (6"R, O] (48)

1 (i) - -

y p"‘"k 0 othcrwisc

?

A @ Let 9(x) and d(x) respectively be the standard normal density zero mean, unit variance, and
its cumulative distribution function, evaluated at the point x. Also, let ¢ (u) be the nth
derivative of ¢(x) w.r.t. x, cvaluated at u. Fix any A>0. Lect,

o

u, lul<A
h,(u) = , (49)
Asgn(u), otherwise
‘(“
For any 6,, o, and p such that 6,>0, 6,20 and |p <1, lct us definc:
¥ A, A 2. 2 [-H
'. O[A.ol] _ O, D)+ QA -0,)d| — (50)
- o S
! A
¥ BiA,0,.0,.p] _ Alho,.0,p111M0,1]+
o
. 2 2.1n B
+ [o,(1-p)] X Flo,pnl-pAo,p.nllAc n]
n=()
I ( oo
+A ¥ Flo,p.n}-plA0,p.n-11[Ac,n]
n=1
X 2 2.1 -
+2[o,(1-p)] X F|ol.p,n]~B[l.cz,p,n—zl-l[k.c].n] 51)
n=2
| where,
<

16
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o
I,
l.g
4 A -A
Bt o Ahoo,pl =7, 1@ 7| —-®| 7| ] (52)
o c
8.- c [4
i
2 A -2
) m = My _~
R Blr.c,p.n]=0 [ ] -9 { ] (53)
. L4 o, c,
)
h n
N 1 1
o Flopnl=) 7| -—— (54)
(X n
. -\,l_p- ol n!
t‘
A
P
" X
L o ) S (55)
IAo,nl= [ h(x)x dx
Y - Gl
\
.
B and where
|
N B 7 )
3 6. =0,(1-p") (56a)
. ° o
Y.=p (56b)
N (]
" 1
: Also, let {[A5,,0,p] be given by the rhs. of (51) cxcept that we replace 1[AG,1] with
[ }
Q¢ I[,5,,1, and I{A,G ,n] with I{es,G,,n]. Fora, =0, and p=1, we definc:
X 1 1 1 1~ "2
.
- C Notice that the computation of 0 docs not involve any scrics where as for 1pl<1, and { are
K given in terms of serics. The definition (52) is also consistent with the meaning associated with 0
D
‘ and B, (sec (B.2) and (B.3) of the proof of Theorem 2.) Using direct but tedious computations,
a‘
'j ¢ we obtain:
'
\]
:
7
A

: ! |0|| 0,08, |lh,t.
K 1 1‘. e OV ‘.q 4, \.. et e '.u. ) O UMIA ,o.,,"‘, Al .u. ARG .a‘.‘ .., AN Al

"' K3 'u '; ' 'n 1 "‘o"'u':'l'"u'e




in2
2 , Lk A, Qk+1)12"
2 exp-Aa YT DT M ———"—  ifnodd. n=2k+I
) o (k21411 (58)

=0 c
[A0,.p.n]=
P 2P 0 , if ncven

Also, if nis cven, then l[k,ol,n] = I[ee,5,,1] =0. I[n=2k+1, then:

k

| R VN, A A 1
llk.ol,2k+l |= ‘—(—)J*'{ \/;[tb(—)—d)(—“—)]- IT(k-t+—
Vr @ o, G, =0 2
. k -1 i
" 2k+l =
- a [I+¥o 'ﬂ(k—1+—)|}
1=1 =0 2
Ui e - o
+— 2 o “klc ¥y —— (59)
Vr oo A"
k+1
2k+2
l[oo,ol.2k+1] =0, - ITQ2i-1) (60)
=1
where
A
o=
(61)
V25

We arc now ready 1o obtain c(p(,.Gi.m) in (29), assuming ccrtain conditions. Let N he the
sct of nonnegative integers. Let J be the Borel o-ficld gencrated by the discrete topology on N.
Let (NXR, JXB) be the product space where JXB s the Borel o-ticld gencrated by the product
topology on NXR. Let v be the product measure on JXB, product of the counting measure on J

and Lebesque measure on B. Deline,

18




=rs

Al
a
£
K=,
",
N
vy mr Y, X
2 ¢ o (—)y() G )
g Cc O'C n+l 0'1 (62)
- r(n.xlk,ol,oz,p) X
. = n! o,
Y PN where 6_and y_are given by (56.a) and (56.b) respectively.
t
W
: . . . . 2
, Theorem 2: Lot |, be a zero-mean, stationary Gaussian source with variance 6°. Assume
&
K that (28) holds. Then,
L
- a1 d -1 -1 dd.
J; *m hd 2 ! . ' ..
"; c(u,G, I=cn G)=0 -2 3 ‘(m) Rxpm(1)+ >3 . (m)l2 Rpm(]-l) (63)
] L
[~ -l m dim+k-1
P . I 2 .
. o(p .G, “):C(Hosz*)=0 -2y 3 ‘—_(_‘— R, ®
g e m) mk
o oo k=l &
e
-1 -1 m m dm+k-1 d.
. 1 m+i-1 o
- +2 2 XX ' R, G-D (64)
. (m) ) (m) mkJt
,.:' i=—eo jm—oo k=1 =1 & a
G (m) N . H
5 where (d}, 9, are given as in (33) and (34), and R_,R__,R and R are given by
! pm xr'm mkJ xqmj
¥
) (35)-(38). If
b1
¢
p; frinxi A.0,.0,,p)dv (65)
»
)
:- cxists (i.c. the integral is not of the form se,—o in the sensc of Lcbesque) for all wples (k.cl.cz,p)
U
C which are the arguments of 3 and § of (66) and (67) below, then,.
)
D)
) 2 ;
1 .. + _— .. ..
N R, G=ir="E D PR AR O VR (0). p, ()], —ocijoo (66)
C [ =1
)
"
o
w
L)
C 19
’
(.
. A et o RN R AR S T T g e T ! ey RN,
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F

P
M |
1' :
»,
)

b R, 1)=C00, 0R, (0)0, D] = LIk, 6:VR (00 p,(D] i1 (67) ;
r LJ

A If (65) exists for all tuplcs (K,ol,oz.p) which are the arguments of B and £ of (68) and (69) below,
:: then,

g

N R j—i) =
_, qmuU '
- .

Y - _ s+ L

. ® =¥ (-1 B[)\-m. \/ka ‘JH(U;. \/RW’_U“(U)» pwk . l(_] 1)) (68)
W s.t=0

\ J1<k./<m

>

s —oo<],j<oo
D
Al R (=LA 04K, Op,, OI~LA 0-/R .o | (69
. ik o '\j Wik A% m* '\/ Ve pxwk 1 )
.

. I<k<m
- i<-1

e , .
, Proof: See the Appendix.
b
- R k
b cmarks;
o
@ (1) The integral in (65) involves four parameters, k,csl,c2 and p, and its existence is required to

[V
,' cnsure that Fubini’s theorem is applicable. By Corollary 2.65 of Ash [21], the integral will
) exist if

¢
o -
oy o
K
:: pX I Ir(n,xfl,ol,c’z.p)!dx<oo (70)
:: n=1 —oo
g ¢
= Since,
. »
t.Q
fg C
Y

¢
)
)
0

) Wl V.

LWL NN ¥ Q b ) L
‘-'!‘J. L B A \‘\‘:"l'v A t‘t'n".‘\n \".'I‘.\"-‘\L 9'2'!& AN 8. %0
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(]
| L}
1 |
) i 2 'n—+—— t
o 2 ()
| ) 2 an
supld ()<, n2l, nodd
* Vare"
b and since,
X
- o)
o !
1 n!
1 1
o [ <™ dx=6, —, n2l,nodd 7
1 -l (72)
o, il
- , -1
2« )!
2
L hencee,
” =%
L p3 Jf Ir(n,xlk,cl.oz.p)ldx$ > T () (n+l), nodd (73)
n=l oo w1 V21 VeV1-p”
The serics in the upper bound of (73) converges if,
12
c
p<| (74)
c+l
© Similarly, summing over ¢cven valucs of n of the serics in (70), we arrive at (74). Hence, (74) is a
sufficient condition for the existence of the integral in (65). In this casc, c(uo.Gi.m) can be |
approximated by considering only a finite number of terms of all the serics of B and €.
r' (2)  HOlder incquality gives a simple condition for checking whether the serics in the definition
of Boris divergent. Define N, N, as in Lemma 1 of the Appendix. Then by (B.3) and
P Holder,
21
ro

N
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IB(A.,.0,011 = LE[h, (N, (NI

< (E, NI (BN

1”2
{

= (0(h0, 1) " {0rhey ) (75)

The upper bound of (75) docs not involve any serics and can be casily computed using (50).

If the series ol B diverges, then (75) will not hold. Simitarly,

IC[k.ol,o:,p]l Scsl-{()lk,ozl}”2 (76)

We will now obtain an upper bound ifc(uo'Glm), which is also applicable to non-Gaussian
processes, which does not require any restriction as that in (65), which is casy to compute, and
- *
which is dircctly related to c(uu.mo), where c(uo,mo) is thc asymptotic mean squared crror at M,
. . . . -1 .
that is induced by the nominal optimal lincar predictors mo(yln ). Using the proof of Theorcm 3

below an upper bound of c(pu,qu) can also be obtained in a similar manner. Lct,

2h
H_=E[(IX_I| + ) {1~ (X )} a7
m (m) J
la
where
m m-1
m m (m) (m)
={y t1Za  yl <k and | T a5yl <k ) (78)
j=I Fl
Also, Iet
-1
D*= 3 Id| (79)
j=~00

w _ . 2 . . .. .
Theorem 31 Let { X}, ___ be azero-mean, tinite variance 6, stationary source with distribution




B, Fixany m21. Then,

om . *an — 2 J
() c(u()'Gl )= C“L\)'Gl ) s ({C(uo'mo)] + D*\/l Im) (60)
_ « 1R 2 *
(b) im( feugm )i +D*VH )" =c(m ) (1)
e—)

Proof: Sce the Appendix.

Remark: For Gaussian sources, if m=1, then,

u
- (™)
n
=1 B
Ho=2 [ (u+ o) ) du 82)
11 lull

For m>1, we obtain an upper bound of H_ which is casy to compute, as follows. By (C.7) in the

Apppendix, we have:

E[X:)(]_—ljm(xm))] < {E[Xr:] } 1f.’.. {E“_ljm(xm)] } n _
=\/§02,{E[1_11m(xm)]}1f2’ =12

E[lxm|(1—1jm(x"')150{[—:[1-1Jm(x'")]}”2, =12

t t

Thercfore, by (77) and (C.6) in the Appendix, we obtain:

1”2 n
2 n
4\ o 4\ A A
~— —~ 2 m m m m
HmSV2 Y30+ + . {I—tb(*)} + l—(D{ } (83)
(in) (mn) 2
IL la "I IuIn | S m GZ,m
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m-i+1

whcruc m 18 the variance of 3 & ,\’J, j=1.2.
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IV. BREAKDOWN POINT AND INFLUENCE FUNCTION

In this section, we obtain the breakdown points and the influence functions of the prediction
operations in (29) (m=1 only) and the opcrations in (30), following the dcfinitions (9)-(16). We
first consider the case of the per-datum outlier model in (6) and the operations in (29) and (30),
for m=1. Then, we consider the case of m>1. It is casy to verify that the breakdown point of the
nominal optimal lincar predictors in (24) is zcro, for any zero-mean, finite variance 02. stationary
process, I . Let Io‘l(w) be the influence function of these nominal predictors for the
contamination model in (6). Then,

-1 -1 -~ -1

(W =(W=0) £d =2 T ddR (-)+2 ¥ dR () (84)

t=—o0 {=>—oo )——°° 1>—o0
where (d, } . is given by (30) and {R (1)} _ is thc autocorrelation function of the process M-

Consider now the predictors in (29) and (30), which are designed assuming that the nominal
process is W and the level of contamination is €. Asymptotically, these predictors are given by
(33) and (34). Let m=1. Then (33) and (34) coincide. Let G* denote the asymptotic prediclor in
(33) (or (34)) for the case of m=1. Fix any w and Ict the contaminating process be deterministic

with amplitude w. Let the level of contamination be 8. Then,

L4

) 1
C(“a,w'(;*) = c(u&w'],(}l )=
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-1 d
= Bl{X,~G*(Y ) 18w =E({X,~ ¥ ’T)p](Yi)}ZIS.w]

i=—o0 ']

-1 d -1o-1d dj
=0‘~—22 ‘Tl—)‘-E[XO-pl(\fi)l&w]+ y ¥ —;;.T).E[pl(yi)pl(yj)ls'w] (85)

= & = jome 3y 3y

Now, for any i<-1 and by (6), we have,

E[XOPI(YI) ! 8’“’] = (I‘S)E[XO‘PI(XI)] + SE[X()p](W)] (86)

=(-9)R ()

where R,‘p (1) is defined by (36). Also, for i=j<-1, we have,
LD

E[pl(Yi)pl(Yj) 18.w]=E[ [pl(Y.‘)}zl dw]= (I—ES)E[p‘()(i)]2 + 8EID,(W)I2
= (1-8)R, (0) + 8lp, ()T (7)
and fori#j
Elp,(Y)p,(Y)18.w] = (1-8) Elp (X )p, (X )] + 8"[p, (W]’

2 L, 2 2
= (1-9) R, G-+  (p,(w)] (88)
where {Rp (j—i1} s delined by (35).
1

Using (86)-(87), we can determine the breakdown point in (11) of the predictors in (29) (or

(30)), form=1, as:

* L

g 2
eGl-\=EG_= sup {&: sup g G IS0 )

(89)

<1 w

Equivalently,
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bR

....

1o d
€= sup3 & ¥ [7’)‘] {(I—S)Rpl(O)-PSX;}
0<ds1 ; ‘
t=—o0 1
-1 -1 d dj -1 d
! 2 2.2 !
- {(1-8) R _(-i)+dA} £2(1-8 — R (i
+¥ R ((1-5) pl(y D+0-A}<2(1-0) ¥ o xp\(u)l (90)
= j=—o %1 9 === T
Notice that for m=1, eé, =E(;. (12)).
We now determine the inlluence function substituting (86)-(88) in (85), we obtain:
c(u&w.G*) ~c(p G¥) =
= E[(X,~G*(Y ) 18.w] — E[X ~G*(X_ )} =
-1 di
=-23 ’(T)'{EIX(P,(YQ'S-WI—E[X(,'Pl(x,»)l}
j=—o0 ‘1
-1 -1 di dj
+EE T IR (YR (Y1 8w] - Elp (X)py (X))
1==0 j=—or € 1
-1 di -1 - )
=25y —R _(i)+§6 X -R (0
5y o R, @B L (T M Ip (I - R, )
1= Y i=—oe ¢
-1 -1 d d
! J 2 2 2 .
D> —“—).—“—).[alpl(w)] +(_26+6)Rp,o_1)} o1
= jome S

Theretore, the influcnce function I;(w) Tor the designed predictors in (29) (or (30)), for m=1, is:

26
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-1 d -1

__i_ . ___'_ 2 2
IG.(W)=2 3 0 le(l)+ 3 ( “)) {[p,(wW)] —RPI(())}
i=moo ¢ 1 j=—00
-1o-t o d d).
-2 —.—R ('_-
2z a P, D 92)
=00 jz—oo 1 1

Noticc that for >0, I ;,(W) is a bounded and continuous function of w, in contrast to I ,(w),

in (84). Also, if £=0, then (92) reduces to (84).

The above expressions, (90) and (92), of the breakdown point and the influcnce function

oo

. ! .
respectively; require the knowledge of {Rp (},__, and {Rxp (1)},__.- Ifu, is also assumed to be
1 1

Gaussian, then we can determine those quantitics using Theorem 2, if (65) holds. For non-
Caussian sources, or for Gaussian sources where (65) does not hold, it may not be possible to

determine {R_ ()} and (R__ (1)} analytically.
P, xp,

We now take an altcrnate approach and determine an upper bound of the influence function
and a lower bound of the brecakdown point, for nominal processes that are not nccessarily

Gaussian. We have:

-t d

1

olh5,, G = EN(X,-GH(Y D) 18w =ElX,~ £ ~—p X1

-1 d. -1 d
+28(1X,= T Top ()N T T X)-p (Y))18w)
=0 u] ) 1=—o0 a]
-1 d‘
FE T —;;(pl(Xl)-pl(Yl))}zl&wl ©3)
€ —
Now,
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-1 g -1 d,
E{[X,—- T —(;p,(xi)]'[ > T(m(xi)—p,(Yi))ll&w}
e =0 &)
-1 d -1 d

i:—oo 1

i=—eo 71
-1 di -1 di
=0 -~ ¥ T p.(X)] —p,(X.
SE(IX;~ T .(l)pl( XY 'mp,( M
i=—o0 1 jm—oo 91
-1 d ’ -1 d "
! 212 ! 211
SS(EX= T~ XF) THELS op (X1
i=—eo ] im 4
-1 d -1

1

<B{EX,= £ ~p 1) U E 1 1R, O] (94)

r=—o0 1

The last two incqualitics of (94) follow respectively by Holder and Minkowaski. Also, by
Minkowaski we have:

-1 d.
(EI{ ¥ T)(p,(xi)—pl(Yi))}zl&wn'”

i:-—on 1

-1 d
<5 |—(;)-!-{E[{P,(Xi)—pl(Yi)lzl&W]lm

-1 d.

=8 3 1 (e (X )-penr') (95)
lll

| =—o0

Therefore,
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Tha
ol
4t
-Log -Log 2
N . o _i2 2
™ ELLE ~ (y(X) =Py (YD) 1BWISBCE 17 =D (R, 0) +py (W] (96)
|
o" .
Using (93), (94), (96), and Theorem 3, a lower bound €qe of the brcakdown point €ge is
Kd obtaincd as:
.
\J
Iy
X
R -1d
R "= 3: (e W+ D*HDY +28( T I I'R_(O)(Je(m %) + D*JH,
0 €ge = SUp {01 (yelp m ) P t2ol Y o R, e m 2
[ ] : a
i=—ee %
4 0<8<1
£
b -1 d
- 'o2 2 2
¢ +8(3 |:1) R, (O+A]) <0’} ©7)
ol 1
. = &
3 “ -
b For small ¢, the lower bound €, is strictly positive by Theorem 3b. Also, an upper bound l(‘;,[w]
L )
. ® of the influence function 1;,[w]in (92) is obtained, using (93), (94), (96), and (80). The bound is
\/
]
S as follows:
.
'
o 2
) . -1 di -1 di ,
; Lo lwi=2(elugm %) + DVH)LZ 1 IR, @)+ 17 1) R, O+ [py(w)D)
\ i=—o0 Y1 i=—c0 9
~
N (©8)
¢
'I u . . .
\ The upper bound IG,[w] is a bounded function of w, if €>0.
L)
o8
. We now consider the case of m > 1, and for the predictors in (30). we determine the
L)
s breakdown point and the influence function assuming that the obscrvation process corresponds (o
b the m-size (block) outlicr model of (14). Fix any w and Ict the contaminating process be
’ deterministic with amplitude w. Let the level of contamination be 8. Then, by (34) and the
RC model in (1), and following the steps (8360)-(88), we obtain;
y
. 29
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|
| o
! C(l»ls'w'm'Gz )=
|
. m -1 2 m 2 - dimok-l )
= E[(XO—G, (Y )} 1Idw |=0-2(1-0) Y ¥ R, (i)
< (m) Uk
i=o0 k=1
-1 m m d. d.
im+k—1 im+{ -1
® +3yY 3Ty : {(1—5)Rq (0)+8(qm k[wm]-qml[wm])}
. (m) (m) mkJ ' '
imoo k=l =1 & q
-t mem dim+k—l dJm+I—l ' 2 2 m m
@ *LLEZET T TR, GO w T, WD 99)
m m ™mX,|
i=—00 j=—o0 k=1 =1 ik a1
In (99), wis the icngth-m vector with all its elements being w. Also, we have usced w in the
@ conditioning, 1o indicatc that the contamination model in (14) is used. Using (99), we obtain the
breakdown point ec «= » (15), and the influcnce function I(‘.,,. [w], (16), dircctly by the definitions
12 m 12 Jn
below,
@
= .m 2
2 06t w

|® om e |

I -m.m[w]=22 Y - qum(i)

G

: e k=l &
@ tomeomod e Qe " "
+ . w w |-R 0
Yy X3 ) o {(qm'k[ la,,,tw ] q'w( )}
im0 k=1 1=1 9 4

ol mom dim#k—l djm+l—|

o 2L TELI T

!

‘R (-1 o1

(m) Qs
k 4

1=—60 J=— k=1 1=1

For non-Gaussian sources, an upper bound of the influence function and a lower bound of

r‘ the breakdown point for m > 1 and for the block contamination model (14) can be obtained, using

3o




‘1

Theorem 3 and steps similar 1o those taken to obtain the results form=1.

Form > 1, for the per-datum outlicr model in (6), and for the predictors in (29) which are

desiened assuminge the level of contaimination is €, €0, we have:
& f=1

(g Gy = EL(Xg=G (Y D) 18w] =

-1 di ‘ -1 -1 dldj . .
=G-_2 E _;_)EIOXO.pm(Yil—nwl)]S'Wl + Z Z (m) .2 .E[pm(Yi—mo»l)pm(YJJ‘“"”)IS'WI
- m) 2
{=—o0 um im0 j=—a0 Iam }
(102)
Hcenee,
*m
sup ity 10 Gy ) (103)
. .m

is continuous in 6 at 5 =0. Also, if 6=0, then e(i, .G, ) cquals the asymptotic mean squared
crror ¢(u .G *) induced by the predictors {Gll:] at the nominal process p . Hence, by the
definition of the breakdown point in (11), the breakdown point of the designed predictors {Gl‘r:]

that corresponds to the per-datum outlicr model in (6), viz. eG-.,. in (11), will be positive if and
1

only if

. 2
C(lLU.G] m) <0 (104)
Similar conclusions can be drawn for any sizc (batch) of outlicrs using the model in (14).

V. NUMERICAL EXAMPLES

Let u, be a zero-mean, stationary, Gaussian process. Also, let - be auto-regressive.

Consider the followmg representations of the nominal process
1

AN ONOANDAOND
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Nominal Process 1:
L
X, =07% _, +w, k=..,-1,0,1,...
Nominal Process 2:
o X, =07x _, -03x _,+w_ k=.-10]1,.
Nominal Process 3:
® X, =07x _,—-03x _,+02x_,+w_ k=.,-101,..
Nominal Process 4:
X =0.7x_ =03x,_,+02x _,+0.1x _, +0.05x 4w k=..-101,..
®
In all the four processes, {Wk} is a zero-mean, unit variance, i.i.d. Gaussian process, such that Wk
is independent of {Xj}j:L. We summarize the results for these processes, corresponding to the
PY designed predictors in (29) and (30), for different values of m and for different valucs of €, in the
folowing tables and ligures.
Tables 1, 2 and rig. 1, Tables 3-5 and Figs. 2,3; Tabics 6-8 and Figs. 4-6; Tables 9-11 and
¢ Figs. 7-11 correspond respectively to the nominal processes 1,2,3 and 4. Tables 1,3,6 and 9 give
the asymptotic mean squared error (amsc) at the nominal process 1,2,3 and 4 respectively, for the
designed predictors in (29), and for different values of € and m. Tables 1.4,7 and 10 give the
e amsc at the nominal process 1,2,3 and 4 respectively, for the predictors in (30), and for different
values of € and m. Tables 2,5,8 and 11 give the brcakdown points €* and €* of the predictors in
(30), (and the predictor in (29) for m=1), for different valucs of € and m. Figures 110 11 give the
L plots of the influence functions corresponding to the predictors in (30), for different values of &
and m and for all the four nominal processes.
From the above tables and figures, we make the following obscrvations:
®
1. 12




(H

)

(€))]

€Y}

(5)

(6)

(N

(8)

A A L N e

When m=!, then for any ¢, the amse at any of the nominal processes 1,2.3, or 4 is the same

for the predictors in (29) and (30), as expected.

If the nominal process is a pth order, auto-regressive, zero-mean, stationary, Gaussian, then

for both the predictors in (29) and (30) and for all € valucs and all m2p, the amse’s at the

. .

nominal process coincide. Also, the breakdown points E,m o E.m and the inftucnce
1 in H m
. )

functions coincide as well.
. . .m .
For any m21, the amse at the nominal process p viz. e(p G ), i=1,2 converges to
*m 2 .
e( .m *) as €-0. Ase—l,c(p G ) convergesto o . Except for the nominal process 1,
fm . . 2 . 2
e(n G, ) first increases with g, exceeds o and then decrcases, converging 10 ¢ as ¢— 1.
mo . 2 .
For the nomiinal process 1, e(p ,G, ) first increases with g, cxceeds o, then decreases with
2 L. . 2
€, becomes less than o and again it increases, converging to 6 as €1,

. *m, . .
For most values of € and m, the predictors {G, '} in (30) have smaller amse’s at the

.

. *m . m
nominal process, than the predictors [Gl n }. Also, for the predictors (G, ), the amse at the

- N
nominal process decreases with m; however, not necessarily in a monotonce manncr.

. * - Ce S *m 2
The breakdown points € o and € ArC positive il and only il e(p ,G, ) <0 .
1y J£n 1y m p4
-
The brecakdown points EG'“’ coincide for all values of € and m and for all four nominal
2 ®

processes cxcept in the case of the nominal process 3, with m=2 and the nominal proccss 4

with m=4. In thosc cases, and as obscrved by figures 5 and 10, the influcnce of the outlicrs

is not maximum when w=eo. Also, €. m *<E om

i, m (11 m

.
Typically, for any &, the breakdown point € *m is larger for large m than for small m.
3, m

L]
For any m21, starting from zcro, the breakdown point € m first incrcases with €, and then
1, M

2
it deercases with € to zero. A plausible explanation is as follows: The breakdown point of

. . *m, . . . 2 *m
the designed predictors {G, N } is determined mainly by two factors; 6 - c(uu.G, ), and Xm.




9

(10)

For large breakdown point, the threshold & should be small so that the influence of the

. . 2 *m .
outlicrs is small, und o —c .G, ) should be large so that even in the presence ol any

. z . tm .
, the guaniity o ~supetpg G, ) remains

W

level of contamination § such that 5<€(‘-,,.
t m
S

.. . 2 mn
positive. In our case, when € is small, then both o —c(uu.G, ) and the threshold Xm are

. 2 *m
large. When € is large, then both km and 6 —c(p ,G, ) are small.
For any m21 and w20, the influence function l(, - [W] s a decrcasing function of €. Also,
lz .m

for any m21 and €>0, the influcnce function is a bounded and continuous function of w.

For £=0, the influcnce function is not bounded.

For the desigrned predictors in (30), the influence functions Ic-m [w] arc not always
!2 m

monotically increasing for positive w (sce Figures 5,89 and 10). This is because the
. Lt m . . . . .
predictors G, ww ), when treated as functions of w only, are not monotonically increasing

with w.

D0 OO0 W)
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VI. APPENDIX

. . . n-1 n-1
Proof of Theorem !: Take any contaminating density hn_l(yl ). Let f(x,.y, ) beihe

. v ol . n-1 .. . ,n-1 .
density of (XX ). Let fix Ly, ) bethe joint density of X and Y. Then,

. n-1 . -1 . n-1
((x,.y, )=U=e)(x .y, )+el x)b (y, ) (A

Also,

. n=1 n-1 n-1
]()’l ) = (lhe)ro(yl ) + Ehn_l(yl ) (AZ)

n—-1 n-1
Now, for any g.(y, )andany h._(y, ). wehave

n-1_2 -1.2 -1 -1
ELX -, ) 1= ffixmg Oy Wiy dy)

n ©n

= [tfix e, (v OTCx by Ddx D6y, Dy (A3)

n-1

. . . R n~-1_ | . n-1 n-1
By (A3), lor any given l(x v, ), the optimum g *(y, ) ist g %y, Y=E[X ly, .}
.. . . -1, . . -1
where the  condittonal  density l(xnlyr ) is used in cvaluating E[Xniy:‘ . Also,
C n-1) . . . . -1
maximizing (A.3) over hn_l(yl is cquivalent to maximizing it over f(y: ) of (A.2).

. -1, .
Hence, using gn*(yln yin (A.3), by (A.1) and since E[Xn] ={, we have for any hn_l(yl )

i i -1..2
inf E[{X-g(y, )}l

nl
g0y, )

22 -1, -1 _n-l -1
= U= Dy Iy R Iy

A n-1 2 ol -1
=a - fifx [ by, dx Py Ody, =
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. n-1 2
[anl(xn,y‘ )dxnl
2 n-1
t =0 -] o dy,
' i ')

-0, Ofxf 0,1y a1

2 n-1
. =0 - | 1 dyy
w
S n-1 n-1_2
4 [(A-e (y, m(y )l :
§ : (8] [V n—
o =G _j 1 dy, (A4)
L ., n-
@ iy, )
i
L)
[ Therefore, our objective now is
l
4
: -1 -1 2
«c ‘ [(1-e)(y; I (y, ) 1
. n- . n-
N =%y, ): inf _[ . dy, (AS)
> iy, ) fly, )
~ “
N o=l . . .
‘ *. where lty, )isol the form (A.2), with constraints
" 1 1 1
> n- . n- n-
: hY fly, )~ (1-ef (y, )2 0 %y (A.6)
g 1 1
n- n—
® b [fy, )y, =1 (A7)
- We will use the Lagrange multiplier technique of the calculus of variations to determine f*.
"( The Lagrange functional without the constraint (A.0) is
(¢
n , o on-l -1 2
L [(1——5)10()/1n )m‘)(yn )]
: - n-1 n~-1 n-1 n-1
. g =] ‘  dy — o iy, )+ 8ply, )dy, (A.8)
’ n— n-
i c, f*(yl ) + 8p(yl )
)
where ¢ is the Lagrange multiplicr. Hence
RC
-I
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n--1 n-1
J (=l (y, )m(y, ) 1
n-1 n-1 v
Jay, ply, +ob =0

n
I*( ’n—l

- -1
Vp: [pty, iy, =0 (A9)

By a fundamental thecorem of the variational calculus,

N n-1 n-1
(l—x»:)ln(y1 )m“(yl )

[ =X :
. n-1 "
*y, )
or
n-1
fm (v, DI
n—1 n-1 v .
Py, D=(-0)(y, y—— (A.10)
ln—l
By (A.10) and the constraint (A.6), we have
n-1 n-1) -1
. a-e)f(y, ), Py, =(1-e)f(y, )
P“(yl )= n-1
tm (y, I (A.11)
L, - n=1 e n—-1 n-1
(1-of(y, >, [y, »>(-OLy, )
A
n-1
Now, (‘*(y:‘_l) > (1~-L‘)f“('yr-]) iff
. on-1
Imﬂ(yl )
n-1 . n-1
(l—t‘)f”(y] )*’_“ﬁ>(_l—c)lu(yl )
)\'n—l

RY)
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or
n-| -
Im (v, )l >A& (A.12)
Henee, by (A 1D and (AL12)
Im (y, )l
, n-1 n-1 @
1"‘(_\" Y= (l—e)fu(_v‘ )-mnx{ 1, ‘—'——“} (A.13)
}\'n—l
.. . . -1 n—1
The positive constant )\'n—l is chosen so that _[I*(yln Wy, =1

-1
The optimal predictor gn*(y: ) corresponds to f*.

n

n-1. . -1 . n-1
gn)k(yl ‘)=E['\n|y\ IZIXl]'*(X']|y‘ )dxn 1

. n—1
fx P(x .y, dx
n I B

. n-1
Py, )

. n-1 P . -1
‘ I~€)J"(n[«.\(xn‘yl )d.‘(” + EJXII‘(Xn)dxn.hn-l(yln )

r(y; )

(1-)fx [ (x.yr X

Py )

-1 -1
(l—e)fo(yln )mo(y;l )

-1
r*(y, )

C (NN ANAM AN () { Pl J L N
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n-1
mu(yl )

A - . otherwise
n-1 n—t
Im (y, )l

J mu(y:“l) if | mo(yl"—‘) <A

(A.14)

Proof of Theorem 2: The proof is based on the following lemma.

Lemma 1 Let Ny and N, be two jointly normal random variables with mean zero and variances
~ 4
,. 0, respectively. Let E[N|N,]=pc,0,. Forany 2>0, let
A
h,(u) = umin{1, I—T} (B.1H)
u

Assumg the integral of (05) exists for the wple (K,ol.o,.p). Then,

Elh, (NI =0[A0, ] (B.2)
Elh, (N, (N)] = BA.G,.0,.p] (B.3)
EIN, b, (Np)] = {[A.6,.0,p] (B.4)

where 8.8, and { arc defined in Section 111

Proof of the Lemma:  (B.2) follows by dircct computations. Define G, Y, as in (56). Then,

X
_ o(—)
S, (B.5)
dx

El (N (N = [ by (OE[h, (N IN, = x)-
G

-0 !

Also,

39

U0 k) 157 UL i
..'?- :. !‘:‘?‘!"'C'!‘:‘:':‘:':‘:‘:‘!'&‘:’I"'l $ .. .‘l'f . "-'n.l.r- 0‘\‘.‘9'.‘.‘.‘.‘.’!" r.. o0




Mo Va1

W T T T T T ww e vy

(YCHA- Y x-A
Elh, (NDIN, =x] =0 ¢, } _¢,[ }

ry+h ( Yc"'.ﬂ
+(ycx+M¢bL—"‘} X=A |

(B.6)
o, o,
By Tavlor's theorem,
(nh )\'l
¢ (7)) n
[ Y, X+ w % S, ( A . (B.7)
ol = |=x | —| & w¥ahor-h
Lo o o 0 Lo,
TN v ¥
(y.x+ l’)(b[ =AO(T) +y, P
S, Lo ]
[N C C
n
= MY
+)\.’Eo(n 1) __,.){ } . xn
lo} o n!
n=] [+ C
n .
T ay N (%] 1
+26. 3¢ ()| | Tx ., A=hor-A (B.8)
a2 o, Lo/ nl

Substituting (B.7), (B.8) in (B.6) and in turn (B.6) in (B.5), we get the desired results (B.2)

using the Fubini™s theorem, which is applicable if the integral of (65) exists. Similarly, assuming

this integral exists, we et (B 4) using (B.6)-(B &)

e . . Jtm . Lt
We will now seove the prool of Theorem 2 for the mapping G I'he prool tor G, tollows
*
ina simbar manner.

' . .
The asymptote mean squared crror e( S0 ) the nominal source (L 1s
{ 1

4
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m *m -1 2 2 *m -1
e, G, )= E[(X,~C, (X_)) =0 =2E(X, G, "(X )]

*m -1 2
+ENG, (X)) (B.9)
By the definition of G, ™ in (33),
~1 di
*1 2 |
C(I’L()'Gl n) =0 -2 Z v E(Xu'pmlxi—mfl”
1=—00 u]::n)
S - d.dj ' _
i J
+ Z Z E{Pm[xi—mﬂ].pm[Xj—mH]} (B.10)

(m) 2

T kI
The result in (63) follows from (B.10) and the definitions in (35) and (36).

Now, by tl.e definitions of P, in (31), hx in (B.1), and Zli in (39), Zzi in (40), and the

.

definttion of ¢ in 2M, we get
Sm+l &

R, O =E(p, (X, )}

mei-ma§

L 'i * l—l 2
=E{g 1 (NXimnet) = Znnt KO

=E(h, (Z,)=h, )

2
2
= ZEIh, Z )] - 2E[h).m(zl.i)hhm(zzi)] (B.11)
=1
- i g
Rl”‘m(-]—l) = E{pm(xi-nwl)pm("\j‘mﬂ)}
2
1+t . . .o
=3 (-1 E{hkm(él-"h‘h..,(l‘-i)}' 1#] (B.12)
=1
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m

Rxl”m(i) = E[X().pm(‘xl—md)J
= E[X()hkm(ZU)] - E[X\}-hxm(zz.i)] , ig-1 (B.13)

The desired results, (61)-(67), tollow dircctly from (B.11)-(B.13), L.emma 1, and (57).

Proot of Theorem 3:

(@) By the Minkowaski incquality and the delinition of m_* in (30), we have:

*m__ 12 't ~-1_2.17
(e, G, N} = (E[X,~G, (X_)I)

Y . . -1 * -1 2R
= (E[(X~m_(X_ ) +(m_(X_) =G, - (X_ )}

12

1. 2.1R - . -1.2
W+ (Em X -6, "x ' =

< (E[X~m *(X

—a0

12

-1 pm(‘Xil—nH-l ) "
=veum )+ E ¥ d (X -} (C.1)
A (Y] t 1 (m) J
1

m

|=—o00 ¢

By the definition ot p(31) and " (78)

. m (m . m m
p,(u )=u_-a_ ), if u, (3] (C2)

and since Ip 1 is bounded from above by ZXm. hence

PolX ) 0 itx'  es”
mYi-m+1 ’ 1 Xi—mHE
IX = 1| <
: _(m) ! 2

d
m

i "Am (C.3)
Ll\ [ ==, otherwise
! . (m)' |

d

m
¢

Therefore. by (C 1) (C.3) and the Minkowaski inequality, we obtain,
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-1 2A
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L4

By the stationarity of the process | ,{-} of (C.4) equals H_. Hence, by (C.1), (C.4) and

(79), we conclude:

. , s —_—
o e(u, G, ) <1t m )+ D*\L|
.‘: (b) By (a), it sulfices 1o prove that
¥
D
R C,; .
£—0
: i By the definition of 1™ in (78), we have,
-
A
() m -
y H =E[(IX |+ V=1 XN
R m m () J 1
> fa
'. m
C
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m 9 m "o m
<E[(IX | +- Y (=1 WX, DI+ EOX 1+ (=1 UN ] (C.6)
. m ) .ll m (m) Jz
la ™ la, !
m m
where
. m
m m {m)
o=y, s 1y <A ) (C.7a)
)=l
m-1
‘ m ,m A , (m) ,
Li={y, 1T a <A} (C.7b)
j=1

m . m ..
Now, as e—0, km—m and hencee, 1‘11"‘("1 ) decreases to zero as €0 for all X, - Since Xm

‘ 1

has finite vanance, henee by the dominated convergence theorem we have:

2 m
[mEX _(1-1 (X, N=0 C.3
n 3
o =0 l Y &

L. Lom -
Also, by the definitioncot J, - in (C.70), we conclude,

2. ,m -~ .
) R B =E[Am'(l—lj;n(?\lm))l
m
<E[Isa™X 12 (1=1 X™)
< [Zdj X ( ,;"-1
. 8

P

m
m-1 fm) 2 2 ,
<27 g 1a " IEX, -(1—1J:n(>\;"))1

. (CH
=l
[ Theretore, as in (C.8), we have,
4 2 m

lim o -, CEl I—IJ.:.(‘\l )=0 (C.10)

) e=0 gy )T k
Similarily,
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(C.11)
m )=1

Henee, by (C.8). (C.10), and (C.11), the first term on the right of (C.6) gocs to zero as €50,
By a similar analysis, the sccond term on the right of (C.6) goes to zero as €0 and therefore,

(C.5) holds.
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AN I m=1 | m=2 | m=3 | m=4 | m=5 | m=6

——

(0.0001 LOTI .01 1.0il LOLI 1.011 1.011

0001 | 149 T 1049 1 1039 T 1049 | 1099 | 1049

[ 0.008 s s b s 1115 1115 1.115
f i
|
L
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0.01 110l 1161 1161 1161 1.10] ! i.161

0025 V1257 | 1.257 1.257 1.257 1.257 1.257

05 1.357 1.357 1357 1.357 1.357 1.357

' 1

| ‘ )
0.075 1 1435 l 1.435 1 1435 | 1435 | 1435 | 143§

l |

t

|

010 1523 | 1523 | 1.523 1.523 1.523 1.523

0.125 1.627 1.627 1.627 | 1.627 1.627 1.627

e T

AN 1739 ) 1739 1 1739 | 1.739 | 1.739 | 1739

0.20 F 1957 | 1957 | 1957 ! 1957 | 1957 | 1957 !

0.30 2.22 2.22] 2.221

t
2
to
'I\)
9
tJ

2.221

0.50 20609 | 2069 1T 2.069 | 2069 | 2.069 | 2.069

0.70 | 1782 1782 .782 1.782 1.782 1.782

e —— e

0.0 1.834 1.834 1.834 1.834 1.834 1.834
! 0.v9 11947 1.947 1 1947 1.947 1.947 1947

oo ‘m,_ . . . .
Feide 1o Asymiptone mse,cfpit ,G ) in (63) ol the predictors in

. ) .
(29w the nominal  process 1. For this  process

AEh mo
ot Go=ce G Ve, Ve Also, el m ) =1.00 and the
o | o 2 4 0 0

nonal process varianee, 6~ = 1.9608.




[ Y
L 2
§
N
E \‘W
"‘ @ ~] m=1 m=2 | m=3 | m=4 | m=5 | m=6
1
> 0.0001 | 0863 | 0863 | 0863 | 0863 | 0863 | 0863
N
2 .00 | 0204 1 0204 1 0204 | 1204 1204 | 1204
L !
" B 00035 | IS84 | IS81 | IS84 | IS84 | 1584 | 1584
o T
:a 0.00 11803 l IR03 | IN03 | 1803 | 1803 | 1803
1
0.025 | 2137 | 2137 | 2137 | 2137 | 2137 | 2137
] {
®
- 0.05 | 2432 | 2432 | 2432 | 2432 | 2432 | 2432
¥
> 0.075 | 2595 | 2595 | 2595 | 2595 | 2595 | 2595
5
3 000 | 2594 | 2594 | 2594 | 2594 | 2594 | .2594
e
Ly 0.25 | 2387 | 2387 | 2387 | 2387 | 2387 | 2387 |
A
3
o 015 1937 1 1937 | 1937 | 1937 | 1937 | .1937
b & 020 | .0055 | 0055 | 0055 | 0055 | 0055 | 0055
. 0.30 0 0 0 0 0 0
e
e 0.50 0 0 0 0 0 0
L4 0.70 | 7535 | 7535 | 7535 | 7535 | .7535 | 7535
5 0.90 | 9536 | 9536 | 9536 | 9536 | 9536 | 9536
- L 099 | 9956 | 9956 | 9956 | 9956 | .9956 | 9956
.!
LY *
% Toble 20 Breakdown point e, m in (15) of the predicters in
J
~ . S

(3 and for the nominal process 1. For this  process,
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m=| m=2 m=3 m=4 | m=§ m=6

0.0001 | .1.011 | 1.209 | 1.209 | 1.209 | 1.209 | 1.2(9

0.001 1.051 1.236 | 1.236 | 1.236 | 1.236 | 1.236

0.005 1.133 | 1.288 | 1288 | 1288 | 1.288 | 1283

(.01 1196 1.327 | 1.327 1.327 1.327 1.327

0.025 1.326 1.407 1.407 1.407 1.407 1.407

0.05 1.471 1.503 1.503 1.503 1 1.503 1.503

0.075 1.575 1.573 | 1.578 1.578 1.578 1.578
—;

0.10 1.654 1.639 1.639 1.639 1.639 1 1639

0.123 1.715 1690 | 1.690 1.690 | 1.690 1.690

(.15 1.763 1733 | 1733 | 1733 | 1.733 | 1.733

0.20 1.828 1,797 | 1797 | 1797 | 1797 | 1.797

0.30 1.833 1.866 | 1.866 | 1866 | 1866 | 1866

0.50 1.842 1.859 | 1.859 | 1.859 | 1.859 | 1859

0.70 1.727 1.748 | 1748 | 1.748 | 1748 | 1748

0.90 1.602 1.608 1.60R 1.608 1.608 1.608

0.99 1.553 1.553 | 1553 1.553 | 1.553 1.553

Tahic 3 Asymplolic mse (it .Glm) in (63) of the prediclors in
O »

(29y at the nominal process 2. Hence, et ,m ) =1.00 and the
o) o O

- nomial process variance, ¢ = 1.5476.
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(‘ ¢ EXNI m=1 [ m=2 | m=3 | m=4 | m=5_! m=6
j; 00001 | 1011 ) 1006 1 1.006 | 1006 | 1006 | 1.006
b)

\ [(mm LOst | 1029 1 1020 | 1029 | 1029 ' 1.029
' R L0005 L33 | Lo74 | 1074 1074 D 1Lo74 | 1074
"\’ |
o 0.01 1196 1 1109 | 1109 | 1109 | 1109 | 1109
N L0025 ] 1326 | 118 | 1185 | L18s | 1185 | 1I8s
p ‘ lI

. b ooes 1470 11278 L1278 178 | 1278 ] 1278
-t i [

- boors D is7s ] o13s3 | i3s3 | 1353 1 1353 | 1353
o, }

- !

" 010 | 1654 1 1414 | rad | Las | orais | ra

0125 1715 | 1405 1465 1.408 1.405 1.405

0.5 1.763 1.508 1.508 1.508 1.508 1.508

|

{

|

|

l -

L 0.20 1.828 1.575 1.575 1.575 1.575 1.575
i ». )

i

i

|

!

|

0.20 1.883 1.653 1.653 | 1.653 1.653 1.653

0.50 1.842 1.685 1.685 1.685 1.685 1.685

PO 2N

Q70 1.727 1.642 1.642 1.642 1.642 1.642

. 0.90 1602 + 1577 | LS77 | 1577 | 1.577 | 1577

! : 0.99 1.553 1 LS50 ] 1550 1 1.550 | 1550 | 1.550
(..

- Tabl: 45 Asymplotic msc, (L ,G;m) in (64) of the predictors

' . 0 -

- ey at the monial process 2. Here, et ,m ) = 1.00 and the

K i 1S I ¢

i C neminal process variance ¢ = 1.5476.

:
€.

L}

)

)

D)

L)

L)

)

A

K

)

! 51

)

l

T e A s
CR LY LY P P g R o 7, ndaad "0 » A% 0% M L9 ] N
T e T e e Ay p P o b 4, ) S e N S S NN '




TP TV oT TR Yy Yy G an dn b s gov oy fav gav davoar: BEc ey fe e ks’ odncabd’ ol ot 08 aVh ath g'Son s g on Aes il £l hef u"ll!l.‘uw

I
€ m=1 m=2 | m=3 m=4 | m=$ m=6
: 0.0901 0542 | {0862 0862 0862 0862 0862
0.001 0741 1202 1202 1202 1202 1202
b 0005 0894 1501 1561 156} 1561 1561
|
E 0.01 0922 1747 1747 1747 1747 1747
! (.028 0803 1974 1974 1974 1974 1974
'i 0.05 ! 0380 1 2000 1 2009 1 2009 | 2009 | 2009
Q075 0 AR36 1856 1856 1856 1856
ALY | 0 1 1578 1578 1578 AST78 1578
%Lm:s 3 0 o2 ! onea |ome2 | a2 | a2
| 0.5 E 0 1 .0693 | 0693 | 0693 | 0693 | 0693
(.20 ; 0 0 .() 0 0 0
i |
¢ 030 0 0 0 0 () ()
050 + 0 0 0 0 0 0
0.70 0 0 0 0 0 0
(.90 0 0 () 0 0 0
(.99 0 0 0 0 0 0
Table 5: Breakdown point £ . N (15) of the predictors in

m

5

(30 and for the nominal process 2.
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m=1 m=2 m=3 m=4 m=5 m=06

0.0001 1 1.012 | 1083 | 1.233 | 1.233 | 1.233 | 1.233

0.001 1.054 117 1264 1 1264 ) 1.264 | 1.264

0.005 1.139 LIS | 1325 | 1325 | 1.325 | 1.325

0.01 1.203 | 1237 | 1370 | 1.370 | 1370 | 1370

0.025 1.333 | 1.345 1.401 1.46l 1.161 1.401

0.05 1482 | 1469 | 1.568 | 1.568 [ 1.568 | 1.568

0.078 1.593 1.561 L649 | 1649 | 1649 | 1.649

0.10 L6788 | 1.633 1.716 1.716 1.716 1.716

N

0125 1.745 1.691 1771 1.771 1.771 1771

0.15 L799 | 1737 1.816 1L.816 | 1816 1.816

0.20 1 1874 | 1805 | 1.RBS | L.BRS | 1.885 | 1885

0.30 1942 | 1874 | 1.957 | 1957 | 1957 | 1957

(.50 1008 | LR7S | 1938 | 1938 | 1938 | 1938

0.70 1.786 | 1786 181 .81 1.8l 1.811

0.20 L650 | L1653 | 1657 | 1657 | 1.657 1 1.657

(1.99 ' 1596 { 1.596 ¢ 1.597 | 1.597 | 1597 : 1.597

Tahle 6; Asymptotic mse, (L .Glm) in (63) of the predictors
8]

m 29y at the nominal process 3. Here o/ am ) =1.00 and the
o) 0 0

nonuaal process varanee, 6 = 1.5909.
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A [
N !
® s \umzl m=2 | m=} | m=4 | m=5 | m=6
| ;
— ~= -T‘ T —
00000 | Lo | 1057 | ooz | Loo7 | 1007 | 1Loo7 |
I i |
) ' '
P00l | LoSd | LOS4 11030 1 1031 ] 103 103l ‘
A |
L0005 11139 11139 | 1078 | 078 | LO78 | 1078 i
s i | |
» oot D203 [oust L owns Louns | ons | Lns |
: " | !
P L0025 11333 ] 1271 | 1103 | 1193 | 1193 | 1193
b Doos 11482 01378 1290 o120t | 1291 | 1201
1 0.075 ) 1.593} 1401 | 1370 | 1.370 | 1370 | 1.370
. Coo10 | re7s | 1sas | o143s | 1435 | 1435 | 1435
|
E 0125 11795 | 1583 | 1aor Dogor | oraor | orao
4 : T
) f
{ Looas 11799 | 1629 11,538 | 1538 | 1.53% | 1.538
' i 3 )
C 020 P LS7T4 L Leos L oLelt | Lol | Lell | 1ol
|
C 030 11942 [ 1776 1 1698 | 1698 | L69R | 1698
050 1 1908 | 1799 | 1736 | 1736 | 1736 | 1736
¢ |
L0700 | L786 ] 0734 L 169l | 169l | LeYl | 1.69]
[
|
I 090 11650 | 1.636 | 1.622 | 1622 | 1.622 | 1.622
|
. L 099 | 1595 | 1.596 | 1594 | 1594 | 1594 | 1.594
. Tahle 7:  Asymptotic mse, ¢(il ,G:n) in (64) of the predictors
[}] - -
m 30yt the nominal process 3. Here, e .m )= 1.00 and
“ 0o
o~ =1.5900.
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- m
. € m=1 m=2 m=3 m=4 m=5 m=6
e
2 0.0001 | 0524 | 0975 | 0862 | 0862 | 0862 | 0862
. 1556
\ 0001 | 0712 1 314 | 1203 | 1203 | 1203 | 1203
y 2036
P 0.005 | 0.862 | 1648 | 1565 | 1565 | 1565 | .1565
) 2474
, 0.0 | .00 | 1800 T 1756 | 1756 | .1756 | 1756
' 2667
¥ 0.025 | 0824 | 1947 | 1999 | 1999 | 1999 | .1999
; 2832
o 0.05 | .0479 | 1795 | 2061 | 2061 | 2061 | 206
. 2677
. 0.075 0 1514 | 934 | 1934 | 1934 | 1934
2 2226
[ ;o 0 0955 | 1684 | 1684 | 1684 | .1684
E e - 1500
. 0.125 0 0170 | 1326 | 1326 | 1326 | 1326
: 0280
015 0 0 0858 | 0858 | 0858 | 0858
d ® 0.20 0 0 0 0 0 0
5 0.30 0 0 0 0 0 0
b, 0.50 0 0 0 0 0 0
o
0.70 0 0 0 0 0 0
0.90 0 0 0 0 0 0
0.99 0 0 0 0 0 0
€

Table 8:  Breakdown point e‘ .. in (I5) of thc predictors in

,m
)
(30) and_ for the nonunal process 3. For this process,
it € ., =¢€ . ~—andthelowervalueise o
) G2 i 02 i 02 m
4
[}
¢
'€
1
)
4
k)
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'
N\ = =2 =3 m=4 m=5 m=6
® | m=l m m=
{ N
0.0001 1.014 1072 | 1.265 | 1206 1.194 1,194
. 0.001 1.062 1112 1304 | 1.250 | 1.240 | 1.240
&
. 0.005 LI5S 1189 1.375 1.331 1.323 | 1.323
0.01 1223 | 1.248 | 1426 | 1.388 1.381 1.381
. 0.025 1363 | 1.372 1 1328 | 1501 1.496 [ 1.496
3 0.05 1.532 | 1822 1 1648 | 1630 | 1627 | 1.627
; l
. 0.075 1.665 | Lo40 1 1747 4 1735 | 1734 | 1734
¢ (.10 1775 | 1737 | 1.835 | 1.833 | 1.833 | 1.833
§ ! '
0.125 ' 1.566 1.819 1.917 1924 | 1.927 1 1927
b [ 015 1943 | 1887 1.991 200 | 2.015 | 2.015
Lo | T
‘ L0200 12058 11992 D20 1 2085 | 2064 | 2164
i L 030 1 2082 | 2010 12256 | 2324 | 2.338 | 2.338
. | |
) L oso 12192 | 2143 | 2241 | 2291 | 2.302 | 2302
o
. 0.70 2070 | 2.057 | 2070 | 2.078 | 2.080 [ 2.080
)
D
09 1.920 1.921 1.909 | 1904 | 1.903 | 1.503
¥
' o 0.99 1860 | 1.860 | 1.859 | 1.858 | 1.858 | 1858
Table 9: Asymplotic msc. c( ,Gl‘m) in (63) of the predictors
! 0
Q . . -
in 29y at the nominal process 1. Here, (e ,m ) = 1.00 and the
)
' 0 o
A nominal process variance, o = L8343,
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AN
N, m 3 iy — —
| e \ m=l ms=2 =3 | m=4 m=5 m=6
f |
0.0001 1.014 ; 1130 1 1.020 1.001 1.010 1.010 ;
l {
0.001 1 L0062 | L1162 1 1050 1.034 1.044 1.0:44

0.005 1155 1222 1105 1 1.09S 1.105 1105

(.01 1223 1269 | 1146 | 1138 1.148 1.148

0.025 1363 | 1367 | 1233 1 1229 | 1238 | 1.238

0.03 1.532 1.491 1344 | 1.341 1.346 1 1.346

(.073 1.665 1593 | 1439 | 1436 | 1438 | 1.438

(.10 1775 | 1.679 | 1.528 | 1.527 | 1526 | 1.526

0.125 1.866 1.754 1L6I) | 1615 1.612 1.612

(.15 1.943 1.818 1.685 | 1.697 | 1.692 | 1.692

T !

| 0.2 2058 | 1920 | 1.813 | 1840 | 1.832 1.832 }

|

: (.30 2182 | 2044 ¢ 1972 2016 | 2000 1 2000
(.50 2192 2113 2.017 X X X

| .70 2.070 | 2.065 | 1935 X X X
0.90 1920 | 1928 | 1869 X X X
.99 1.860 1.8061 1.855 X X X

Table 10 Asymiptotic mse, ¢(i .G;m) in (64) of the predictors

0o o .

Here, et .m )y =1.00 and
O. ‘()

6™ = 1.8543. The symbol X denotes that e G_") could not be
QO

in 30) at the nominal process 4.

compuied because the condition in (65) is not satislied.
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UNIVERSITY OF VIRGINIA
School of Engineering and Applied Science

The University of Virginia's School of Engineering and Applied Science has an undergraduate
enroliment of approximately 1,500 students with a graduate enroliment of approximately 560. There
are 150 jaculty members, a majority of whom conduct research in addition to teaching.

Research is a vital part of the educational program and interests parallel academic speciaities.
These range from the classical engineering disciplines of Chemical, Civil, Electrical, and Mechanical
and Aerospace to newer, more specialized fields of Biomedical Engineering, Systems Engineering,
Materials Science, Nuclear Engineering and Engineering Physics, Applied Mathematics and Computer
Science. Within these disciplines there are well equipped laboratories for conducting highly specialized
research. All departments offer the doctorate; Biomedical and Materials Science grant only graduate
degrees. In addition, courses in the humanities are offered within the School.

The University of Virginia (which includes approximately 2,000 faculty and a total of tull-time
student enroilment of about 16,400), also offers professional degrees under the schools of Architecture,
Law, Medicine, Nursing, Commerce, Business Administration, and Education. In addition, the College
of Arts and Sciences houses departments of Mathematics, Physics, Chemistry and others relevant
to the engineering research program. The School of Engineering and Applied Science is an integral
part of this University community which provides opportunities for interdisciplinary work in pursuit
of the basic goals of education, research, and public service.
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